We introduce an integrable, four-well ring model for bosons where the tunneling couplings between nearest-neighbour wells are not restricted to be equal. We show how the model may be derived through the Quantum Inverse Scattering Method from a solution of the Yang-Baxter equation, and in turn solved by algebraic Bethe Ansatz means. The model admits multiple pseudovaccum states. Numerical evidence is provided to indicate that all pseudovacua are required to obtain a complete set of Bethe eigenstates. The model has the notable property that there is a class of eigenstates which admit a simple, closed-form energy expression.
Introduction 2 Hamiltonian of a four-well ring with anisotropic tunneling
The four-well model we present has the Hamiltonian The operators a † i , a i , i = 1, . . . , 4 denote the single-particle creation and annihilation operators acting in the four wells, with N i = a † i a i providing the number operator for bosons in well i. The quantities t ij which determine the tunneling couplings are not independent but take a factorised form t ij = −κα i α j where the set {κ, α j , j = 1, 2, 3, 4} are arbitrary real variables. This is equivalent to the constraint t 12 t 34 = t 23 t 14 but still admits sufficient freedom to investigate a range of anisotropic tunneling regimes. The coupling parameters U , which controls on-site and inter-well interactions between bosons, and µ, which is an external potential parameter, are also arbitrary real variables.
The total number operator N = Later will show that there are two additional constants of the motion, which leads to the conclusion that the Hamiltonian is integrable. In Fig. 1 we show a schematic representation for the model. Physically, the Hamiltonian (1) models anisotropic Josephson tunneling for a Bose-Einstein condensate confined in a four-well ring potential. This Hamiltonian differs from the usual Bose-Hubbard model [13, 14] by the inclusion of interactions terms of the form N i N j . However these quadratic interactions are found in other models, e.g. [9, 15] . The inclusion of the external potential term µ, which has an analogue in the case of the two-mode Bose-Hubbard model [23] [24] [25] , is compatible with the integrability.
There are rich mathematical structures associated to this model, including an exact Bethe Ansatz solution which will be derived below.
Quantum Inverse Scattering Method
Our first objective is to establish that the Hamiltonian (1) can be obtained through the Quantum Inverse Scattering Method. We follow the general approach of [26] , which itself extends ideas presented in [27] . We begin with the standard su(2)-invariant R-matrix, depending on the spectral parameter u:
with b(u) = u/(u + η) and c(u) = η/(u + η). Above, η is a free real parameter. It is well-known that R(u) satisfies the Yang-Baxter equation [28, 29] 
Here R jk (u) denotes the matrix acting non-trivially on the j-th and k-th spaces and as the identity on the remaining space. We start with the Lax operator [26] 
where I denotes the identity operator and
Since L (i,j) (u) satisfies the Yang-Baxter equation
we can define a monodromy matrix from the Yang-Baxter realization presented above as
where
It follows that the monodromy matrix satisfies the Yang-Baxter equation
Finally, we define the transfer matrix
and the following identification has been made for the coupling constants:
It follows from (7) that the transfer matrix commutes for different values of the spectral parameter,
and consequently the eigenvectors of τ (u) are independent of u. It is now straightforward to check that the Hamiltonian (1) is related to the transfer matrix τ (u) (8) through
Therefore the energy spectrum is given by
where λ(u) denotes the eigenvalues of the transfer matrix. To find expressions for these eigenvalues we apply the algebraic Bethe Ansatz procedure [21, 22] .
Pseudovacua and algebraic Bethe Ansatz
To apply the algebraic Bethe Ansatz method we have to determine suitable pseudovacua. To accomplish this we define the commuting operators † 2,4 A † 1,3 . Let |0 denote the bosonic vacuum state defined by the property
For the purposes of the algebraic Bethe Ansatz calculation the pseudovacua are given by
and satisfy
)|φ k,l . Now we can define the Bethe states associated to each pseudovacuum as
Using the following algebraic relations
which are determined from (7), the algebraic Bethe Ansatz [21, 22] can be applied. In particular it is found that
where for k + l = N the transfer matrix eigenvalues are given by
), while for k + l < N the eigenvalues are given by
and the parameters v j are solutions of the Bethe Ansatz equations
These eigenvalue formulae allow for the energy spectrum to be computed through (10) . We remark that in the case when k + l = N the expression (10) reduces to the simple form
Eq. (14) is notable for two reasons. First it shows that there is a class of eigenstates which admit a simple, closed-form energy eigenvalue. The second is that for these eigenstates the energy eigenvalue is independent of the variables t ij .
Additional conserved operators
The Hamiltonian (1) is a model with four bosonic modes, for which it is expected that integrability requires at least four independent conserved operators. However, the Quantum Inverse Scattering Method applied above shows that we obtain only two independent conserved operators, H and N , from the transfer matrix. Nonetheless there exists two other independent conserved operators with the form
These operators satisfy the commutation relations
so Q 1,3 and Q 2,4 together with the Hamiltonian H and the total boson number operator N provide four independent conserved operators for the model. Moreover, the additional conserved operators satisfy the following commutation relations
It follows that each Bethe state |ψ k,l as defined above is a simultaneous eigenstate of the additional conserved operators:
Numerical results for small number of bosons
Finally we undertake a numerical analysis to demonstrate that (at least in some instances) utilizing all possible pseudovacua in the Bethe Ansatz procedure allows for a complete set of energy levels to be obtained.
N = 1
By using the normalized Fock basis {|χ j = a † j |0 : 1 ≤ j ≤ 4} for the sector N = 1, the Hamiltonian takes the matrix form
Choosing the parameter values
and diagonalizing this matrix, we find that the eigenvalues are given by
.6750000000
The next step is to compute the spectrum from the Bethe Ansatz equations. Choosing
then (9) imposes the parameter values
For the N = 1 sector there are three pseudovacua.
• |φ 0,0 = |0 : This pseudovacuum leads to the Bethe Ansatz equation
which has two solutions
Using (10) • |φ 1,0 = Γ † 1,3 |0 : Here the pseudovacuum is an eigenvector of the Hamiltonian and through (14) we obtain E = −0.425 which is in agreement with E 2 obtained by numerical diagonalization.
• |φ 0,1 = Γ † 2,4 |0 : Here the pseudovacuum is an eigenvector of the Hamiltonian and through (14) we obtain E = 0.675 which is in agreement with E 3 obtained by numerical diagonalization.
Again choosing the parameter values (18) to diagonalize the matrix we find that the eigenvalues are given by
.6000000
.600000 E 9 = 1.743398
To compare these results with those obtained from the Bethe Ansatz equations, we again make the identifications given by (19) and (20) . For this sector we have six pseudovacua.
• |φ 0,0 = |0 : The pseudovacuum leads to the Bethe Anastz equations
which admits the solutions
as well as the spurious solutions sets
which must be discarded since the roots coincide (c.f. [30] ). Applying (10) we find agreeing with E 3 and E 9 obtained by numerical diagonalization.
• |φ 0,1 = Γ † 2,4 |0 : Associated with this pseudovacuum there is the Bethe Ansatz equation
with solutions v 1 = 0.666190378, −1.66619037.
These solutions provide the energy eigenvalues E(0.666190378) = −0.88309518
corresponding to E 2 and E 7 obtained by numerical diagonalization.
• |φ 1,1 = Γ † 1,3 Γ † 2,4 |0 : Here the pseudovacuum is an eigenvector of the Hamiltonian and through (14) we obtain E = 0 which is in agreement with E 5 obtained by numerical diagonalization.
• |φ 2,0 = Γ † 1,3 2 |0 : Again the pseudovacuum is an eigenvector of the Hamiltonian and through (14) we obtain E = −0.6 which is in agreement with E 4 obtained by numerical diagonalization.
• |φ 0,2 = Γ † 2,4 2 |0 : Again the pseudovacuum is an eigenvector of the Hamiltonian and through (14) we obtain E = 1.6 which is in agreement with E 8 obtained by numerical diagonalization.
Completeness of the Bethe Ansatz equations
Our numerical investigations suggest that for n = k + l < N fixed, there are n + 1 sets of Bethe Ansatz equations (13) each admitting N − n + 1 non-spurious solutions. Moreover, when n = N there are N + 1 pseudovacuum states which are eigenstates of the Hamiltonian. This implies that the total number of Bethe states for fixed N is
Thus for generic values of the coupling parameters we expect that the Bethe Ansatz solution of this model is complete, analogous to other exactly solved models where this property has been established [31] [32] [33] [34] [35] [36] .
Conclusion
Our main objective was to establish an exact Bethe Ansatz solution for the four-well Hamiltonian (1). This was achieved by first formulating the model through the Quantum Inverse Scattering Method. It was found that the model admits multiple pseudovacuum states, and for each of these there is a set of Bethe Ansatz equations given by (13) . Introducing new variables η = (α 
At this point we recognise (22) as the Bethe Ansatz equations for the two-mode Bose-Hubbard model [17] [18] [19] . It turns out that the eigenspectrum of the fourwell Hamiltonian (1) is in one-to-one correspondence with the eigenspectrum of a particular ensemble of two-well Hamiltonians, with particle numbers and coupling parameters dependent on the eigenvalues k and l of the additional conserved operators as given by (15) and (16) . This opens a path of investigation into the four-well model by utilizing results known for the two-well model. This approach will be developed in future work, with particular focus on characterizing the ground-state properties of the four-well model.
